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Program Equivalence

Through equational reasoning

la.a=1(a| a)
=la|la

=la

(Axiomatic, syntax-based, inductive)
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(a.a=ala)
((P1Q)='P]!Q)
(IP|1P =1P)
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Program Equivalence

Through bisimulations

RE{(PIQ.QIP) | ¥P,Q}

(Behavioural, LTS-based, coinductive)
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Program Equivalence

Through bisimulations

RE{P|Q, Q|P) | VP, Q}
PlQ R Q|P

(va)(P1 Q) R (va)(Q| P)
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Program Equivalence

Through bisimulations

R2 {((v3)(P|Q), (13)(Q| P) | V4,P,Q)}
P|Q R QIP

(va)(P'1 Q) R (va)(Q | P)
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Program Equivalence

Through bisimulations up-to

RE{(PIQ.QIP) | VP.Q}

PlQ R QP
(va)(P1Q) R (va)(Q[F)

(ra)(R)
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Program Equivalence

Through bisimulations up-to

RE{((P|Q),'P|IQ)}
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Program Equivalence

Through bisimulations up-to

RE{((P|Q),'P|IQ)}

(PIQ) R 1P| 1Q
of Jo
PIQIP I R (PIP)IQ
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Program Equivalence

Through bisimulations up-to
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Program Equivalence

Through bisimulations up-to

RE{((P|Q),'P|IQ)}

(P | Q) R IP|1Q
of Jo
(PIQIPIQ R (PIP)]IQ
(PIP)I(QIQ)
(P1Q)I(P']Q)
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Program Equivalence

Through bisimulations up-to

RE{((P|Q),'P|IQ)}

(P Q) R P 1@
o Jo
(Pl Q)] (P/|@> R(PIPYIIQ
(P1P)|(Q]Q)

CR
K'P“Q P/‘Q)
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Program Equivalence

Through bisimulations up-to

RE{((P|Q),'P|IQ)}

I(P| Q) R IP|1Q
of Jo
(P Q)| (P’\Q) R (PIP)IQ

(PIPYI(RIQ)

CR
kIPUQ (P"| Q)

e behavioural, LTS-based, coinductive

A mix of

e axiomatic, syntax-based, inductive
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Abstract coinduction

Let b a monotone function on a complete lattice

e Coinduction b|5|r$:|att|on
candidate

x <[y <b(y)

law to be
equivalence
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Abstract coinduction

Let b a monotone function on a complete lattice

e Coinduction bls':,zlattlon
candidate

x <[y < b(y)
law to be < < b
equivalence
an up-to

e Coinduction up to
technique
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Up-to techniques

bisimulation up-to
candidate 7 technique
()

x<(y <b(f
law to be
< vb
equivalence

The function f can be

e sound: it just makes the rule valid
e respectful: fo(bNid) < bof
e compatible: fob<bof

The latter two classes are closed under union and composition
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The companion

Let t be the largest compatible function

* We have
1. id<tandtot<t,ie., tisa closure
vb=t(1)
vb = t(vb)
vb=v(bot)
t coincides with the largest respectful

ok wDN

e Intuitively t(x) is “what can be deduced assuming x"

o Leads to a new presentation of parameterized coinduction

Damien Pous, CNRS, ENS Lyon 7/11



Parameterized Coinduction (Up-to)

y <t(l) y < f(t(x)) f<t

Init Up to f
y < vb y < t(x) P

program reason inductively, using
some valid up-to technique

equivalence

< (x y < b(t(ly Ux))
r=x Done Colnd
y = t(X\ y < t(x
. ; assume y by
use coinduction coinduction
hypotheses
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Second order techniques

The companion is itself a coinductive object
t=vB

(for some B : (X — X) — (X — X) whose post-fixpoints are the
compatible functions)
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Second order techniques

The companion is itself a coinductive object
t=vB

(for some B : (X — X) — (X — X) whose post-fixpoints are the
compatible functions)

We can apply the previous results

potential B
generalisation %compamon ° ]

f<g<B(T
up-to technique = Ncom anion of bj
to be proved valid P
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Back to process algebra

[Standard approach| The following function is respectful:

C: R {(C[P], CIQ]) | PR Q}
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Back to process algebra

The following function is respectful:

C: R {(C[P], CIQ]) | PR Q}

The following functions are below t:

Cwa) : R= {{(va)P, (va)Q) | PR Q}
q:Re=>{(P1] P2, Q| Q)| PR Q}
a: R—={(P, Q)| PR Q}

(A routine check in each case, thanks to the second order
companion)
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Back to process algebra  [seme reetiunancctsrer <

apply Coinduction, by_Symmetry. apply unary_sym.

intro R. apply (leq_unary_ctx rep). intros p g Hpg 1 p@ Hp®.

apply rep_trans in Hp@ as [pl pppl p@pl].

assert (H: b (t R) (par p p) (par q q)).

apply (compat_t b). apply par_t. now apply in_binary_ctx.
[Standard approaCh] The fo” dezgrhlct (proj1 H _ _ pppl) as [ql qqql plqll.

apply rep_trans' in qqql as [q@ Hq@ goqll.

eexists. eassumption.

rewrite p@pl, q@ql.

C : R — {< apply (FtT_T _ par_t). apply (in_binary_ctx par).

apply (fTf_Tf b). apply (in_unary_ctx rep). now apply (b_T b).

now apply (t_T b).

Qed

[New approach| The following functions are below t:

Cwa) : R= {{(va)P, (va)Q) | PR Q}
q:R=>{(P1| P2, Q| Q)| PR Q}
a: R {{(IP,1Q)| PR Q}

(A routine check in each case, thanks to the second order
companion)
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Summary

Huge simplification of the theory of up-to techniques. ..
... just by focusing on the largest one

 parameterized coinduction through the companion
 second order techniques for the companion

e straightforward formalisation in Coq

In progress: categorical account
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