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Step-Indexed Logical 
Rela?ons at a Glance

• Handles various constructs: general recursion, 
recursive type, general references (mutable state) 

• Natural number determines how many steps of 
evalua?on expression is allowed to take 

• For general references, impredica?vity means 
models are difficult to define



LR for State and Abstrac?on
• A func?onal PL with references and existen?al types 

• Allow rela?ng parts of heap of different sizes through 
impredica)ve invariants 
W = ℕ →f Inv      Inv ⋍ W →m UPred(Heap × Heap) 

• Invariants well-defined due to step-indexing, using one 
forces to take an evalua?on step 

• Seman?c types can refer to invariants 
Type = W →m UPred(Val × Val)

⌧,� ::= 1 | N | ⌧ ⇥ � | ⌧ ! � | ⌧ ref | 9↵. ⌧ | ↵
v 2 Val ::= ⇤ | n | (v1, v2) | fix f(x). e | l | pack v

e 2 Exp ::= ⇤ | n | (e1, e2) | fst e | snd e | fix f(x). e | e1 e2

| l | ! e | e1 := e2 | ref e | pack e | unpack e1 as x in e2

Fig. 1. Types, values and expressions.

defer most discussions of related work to Section 6. Finally, in Section 7 we
conclude and discuss future work.

2 Syntax and operational semantics

In Figure 1 we define the syntax of a higher-order functional language with
general references and existential types. This set of language features and type
system su�ces to study the problems mentioned in the Introduction. We assume
countably infinite and disjoint sets of type variables, term variables and locations,
with ↵ ranging over type variables and x over term variables and l over locations.
We use a Curry-style presentation and thus do not annotate �-abstractions or
pack/unpack with types. The typing rules have the form �;� ` e : ⌧ , where � is
a context of type variables and � is a context of term variables. The well-formed
type judgment, � ` ⌧ expresses that all free type variables in ⌧ are bound in �.
Figure 2 includes an excerpt of typing rules; the remaining rules are standard
and have been omitted.

�;� ` e : ⌧ ref

�;� ` ! e : ⌧

�;� ` e1 : ⌧ ref �;� ` e2 : ⌧

�;� ` e1 := e2 : 1

�;� ` e : ⌧

�;� ` ref e : ⌧ ref

�;� ` e1 : 9↵. ⌧ �,↵;�, x : ↵ ` e2 : � � ` �

�;� ` unpack e1 as x in e2 : �

Fig. 2. Excerpt of typing rules.

Note that our type system does not include store typings, assigning types to
locations. Store typings are typically used to facilitate syntactic progress and
preservation proofs. However, they are unnecessary for our semantic approach
and we only consider source programs that do not contain location constants.

The operational semantics is defined as a small-step reduction relation between
configurations consisting of an expression e and a heap h: he, hi ! he0, h0i. A
heap is a finite map from locations to values. Figure 3 includes an excerpt of
the reduction rules; the rest of the rules are standard. Note that dereferencing
or assigning to a location that has not already been allocated results in a stuck
configuration. It will follow from our logical relation that well-typed programs



LR for State and Abstrac?on

V⟦σ → τ⟧ρ(w) = {(n, v1, v2) | ∀m ≤ n. ∀w’ ≥ w. ∀u1, u2. 
          (m, u1, u2) ∈ V⟦σ⟧ρ(w’) ⇒ (m, v1 u1, v2 u2) ∈ℰ(V⟦τ⟧ρ)(w’)} 
V⟦∃α. τ⟧ρ(w) = {(n, pack v1, pack v2) | ∃ν∈Type. (n, v1, v2) ∈ V⟦τ⟧ρ[α↦ν](w)} 
V⟦ref τ⟧ρ(w) = {(n, l1, l2) | ∃ι. w(ι) ⋍n inv(V⟦τ⟧ρ, l1, l2)} 

ℰ(ν)(w) = {(n, e1, e2) | ∀i < n, e1’. e1 →i e1’ ⇒  
          ∃w’ ≥ w, e2’. e2 → e2’ ⋀ (n-i, e1’, e2’) ∈ ν(w’)}



Example: 
Coun?ng Up and Down

countUp = pack (ref nat,  
  (λ_. ref 0,  
   λc. let v = !c
       in c := v+1; v))

countDown = pack (ref nat,  
  (λ_. ref 0,  
   λc. let v = !c
       in c := v-1; -v))

τ = ∃α. (1 " α × α " nat)

How do we show equivalence?



Example: 
Coun?ng Up and Down

countUp = pack (ref nat,  
  (λ_. ref 0,  
   λc. let v = !c
       in c := v+1; v))

countDown = pack (ref nat,  
  (λ_. ref 0,  
   λc. let v = !c
       in c := v-1; -v))

Invariant: S(lu, ld) (W) = {(n, hu, hd) | hu(lu) = - hd(ld)}

Rela?on: ν(W) = {(n, vu, vd) | ∃ι. W(ι) ⋍n S(vu, vd)}



Trouble Ahead
f(C) =
  let (α, (new, inc)) = unpack(C)
  in pack (ref α,
    (λ_. ref (new ()),
     λc. inc (!c)))

• We can show countUp =log f(countUp), 
countUp =log f(countDown), etc.

• But can we show that x =log f(x) without 
knowing the implementa?on of x?



Trouble Ahead
f(C) =
  let (α, (new, inc)) = unpack(C)
  in pack (ref α,
    (λ_. ref (new ()),
     λc. inc (!c)))

• Need to introduce a fresh invariant to express 
the addi?onal indirec?on

• Unfolding this invariant requires taking a step

• In the second func?on, we need arguments 
(“c” above) related without taking steps

S(vs, li)(w) =  
  {(n, hs, hi) | (n, vs, hi(li)) ∈ ν(w)}



Why is this a problem?
• Evidence that rela?onship between evalua?on and 

recursive construc?on of invariants may be too close 

• In program logics, this corresponds to layering of 
abstrac)ons 

• Clients impose addi)onal constraints on specifica?on 
provided by libraries through new invariants: need to 
open mul?ple layers of invariants in single step 

• Inves?gate LR as a more isolated case



Our approach

• Decouple opera?onal steps from solu?on of 
recursive domain equa?on 

• Index the construc?on over ordered pairs of numbers 

• Associate opera?onal step with the first component 

• Allow for arbitrary finite number of unfoldings 
between each steps



The Transfinite Defini?on

V⟦σ → τ⟧ρ(w) = {(n, m, v1, v2) | ∀n’ < n. ∀w’ ≥ w. ∀u1, u2. 
          (∀m’. (n’, m’, u1, u2) ∈ V⟦σ⟧ρ(w’)) ⇒ (n’+1, v1 u1, v2 u2) ∈ℰ(V⟦τ⟧ρ)(w’)} 
V⟦∃α. τ⟧ρ(w) = {(n, m, pack v1, pack v2) | 
          ∃ν∈Type. (n, m, v1, v2) ∈ V⟦τ⟧ρ[α↦ν](w)} 
V⟦ref τ⟧ρ(w) = {(n, m, l1, l2) | ∃ι. w(ι) ⋍n,m inv(V⟦τ⟧ρ, l1, l2)} 

ℰ(ν)(w) = {(n, e1, e2) | ∀i < n, e1’. e1 →i e1’ ⇒  
          ∃w’ ≥ w, e2’. e2 → e2’ ⋀ ∀m. (n-i, m, e1’, e2’) ∈ ν(w’)}



The Transfinite Defini?on

V⟦σ → τ⟧ρ(w) = {(n, m, v1, v2) | ∀n’ < n. ∀w’ ≥ w. ∀u1, u2. 
          (∀m’. (n’, m’, u1, u2) ∈ V⟦σ⟧ρ(w’)) ⇒ (n’+1, v1 u1, v2 u2) ∈ℰ(V⟦τ⟧ρ)(w’)} 
V⟦∃α. τ⟧ρ(w) = {(n, m, pack v1, pack v2) | 
          ∃ν∈Type. (n, m, v1, v2) ∈ V⟦τ⟧ρ[α↦ν](w)} 
V⟦ref τ⟧ρ(w) = {(n, m, l1, l2) | ∃ι. w(ι) ⋍n,m inv(V⟦τ⟧ρ, l1, l2)} 

ℰ(ν)(w) = {(n, e1, e2) | ∀i < n, e1’. e1 →i e1’ ⇒  
          ∃w’ ≥ w, e2’. e2 → e2’ ⋀ ∀m. (n-i, m, e1’, e2’) ∈ ν(w’)}

For our example, we are free to pick larger 
m’ to allow for addi?onal unfolding

Key technical difficulty is hidden 
behind this approximate equality



Conclusions

• We solved the recursive domain equa?on over pairs 
of natural numbers (ω2) 

• We loosened the ?ght coupling between opera?onal 
steps and unfolding of impredica?ve invariants 

• Logical rela?on provides proof-of-concept that this 
approach can handle layered abstrac)ons


