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iteration

iteration: hello old friend!

many different forms of iteration

® Cursors

higher-order functions (fold, iter)
e streams

e etc.

our goal: specify and verify the enumeration of a “collection” of
elements.

in this work : cursors and higher-order iterators



specify

a specification that takes into account

e either finite or infinite iterations
e either deterministic or non-deterministic iterations
e traversal of a possibly mutable collection

e not necessarily the traversal of a data structure



verify

verify programs
e implementing an iteration (producers)

e using an iteration (consumers)

abstraction: consumer verified without any knowledge about the
implementation of the producer



a proposal

iteration formalized with two predicates

e completed indicates whether we are done with the
enumeration

e enumerated characterizes the elements already produced so far
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example: array

traversal of an array

Evio<i<|v = vli]=ali
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enumerated v a
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completed v a lv] = |a



example: set

non-deterministic traversal of a set

enumerated v s = distinct vAY x. x € v — X € s

completed vs £ |v| = card(s)

deterministic traversal

enumerated v s prefix v (to_seq s)

completed v s £ |v| = card(s)



example: iterated function

enumerated v (xg, f) “vio <i<|vl = vlil = fi(x)

completed v (xg, f) false

x0, f(x0), f(f(x0)), F(F(F(x0)))y ...



example: channel scanner

elements of v are characters

character EOF marks the end of the channel

enumerated v ¢ £ ... AVi.0<i<|v|—1 = v[/] = EOF
completed v ¢ £ v > 0Av[v]—1] = EOF



example: symbol generator

to generate, at each step, a fresh symbol

enumerated v () £ distinct v
de

completed v () £ false



experimental validation with Why3
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cursors in a picture
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cursors in a picture
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cursors in a picture

Vo Vi - Vp1
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next C =
nextC = v
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cursors in a picture

o v - Vn—1T
C
next C = vy c ¢« create_cursor (...)
next C = w»n while has_next(c) do

x ¢ next(c)
next C = v
next C = v,_1



cursor specification

type elt
type collection

type cursor model {
mutable visited : seq elt;
collection: collection; }



cursor specification
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type collection

type cursor model {
mutable visited : seq elt;
collection: collection; }

predicate enumerated cursor
predicate completed cursor



cursor specification

type elt
type collection

type cursor model {
mutable visited : seq elt;
collection: collection; }

predicate enumerated cursor
predicate completed cursor

val has_next (c: cursor) : bool
requires { enumerated c }
ensures { result < not (completed c) }



cursor specification

type elt
type collection

type cursor model {
mutable visited : seq elt;
collection: collection; }

predicate enumerated cursor
predicate completed cursor

val has_next (c: cursor) : bool
requires { enumerated c }
ensures { result < not (completed c) }

val next (c: cursor) : elt
requires { enumerated c }
requires { not (completed c) }
writes { c }
ensures { enumerated c }
ensures { c.visited = snoc (old c.visited) result }



verification example

@ specify the in-order traversal of a binary tree
® realize it using a cursor

© application to the same fringe problem



1. specify the in-order traversal

type tree = Empty | Node tree elt tree

function elements (t : tree) : seq elt = match t with
| Empty — empty
| Node 1 x r — elements 1 ++ cons x (elements r)

end

X1

X X;



1. specify the in-order traversal

type tree = Empty | Node tree elt tree

function elements (t : tree) : seq elt = match t with
| Empty — empty
| Node 1 x r — elements 1 ++ cons x (elements r)
end

predicate enumerated (c: cursor) =
prefix c.visited (elements c.collection)

predicate completed (c: cursor) =
length c.visited = length (elements c.collection)



2. realize the in-order traversal with a cursor

type enum = Done | Next elt tree enum

type cursor = {
ghost mutable visited: seq elt; enum
mutable enum: enum; .
collection: tree; } visited




2. realize the in-order traversal with a cursor

type enum = Done | Next elt tree enum

type cursor = {

ghost mutable visited: seq elt;
mutable enum:

enum
enum; .
collection: tree; } visited

function enum_elements (e: enum) : seq elt =
match e with

| Done — empty

| Next x r e — cons x (elements r ++ enum_elements e)
end

predicate enumerated (c: cursor) =

elements c.collection = c.visited ++ enum_elements c.enum



3. application to the same fringe problem

decide whether two trees have the same in-order elements

let same_fringe (tl t2: tree) : bool
ensures { result < elements t1l = elements t2 }

X1 Xa

Xo X3 X2 X3



3. application to the same fringe problem

decide whether two trees have the same in-order elements

let same_fringe (tl t2: tree) : bool
ensures { result ¢ elements tl = elements t2 }
eq_cursors (create_cursor tl) (create_cursor t2)

X1 Xa

Xo X3 X2 X3



3. application to the same fringe problem

decide whether two trees have the same in-order elements
let rec eq_cursors (cl c2: cursor) : bool

= match has_next cl, has_next c2 with
| False, False — True
| True, True — next cl = next c2 && eq_cursors cl c2
| — False

end



demo same fringe




higher-order iterators

iter: (elt — wunit) — collection — unit

traditional approach: higher-order (program) logic
alternative: enumerated / completed predicates

how: translate higher-order iterators into first-order Why3 code



verifying HO iterator - specification

type list = Nil | Cons elt list
let rec iter (f: elt — unit) (1: list)

= match 1 with
| Nil - 0

| Cons x 1 — f x; iter f 1
end



verifying HO iterator - specification

type list = Nil | Cons elt list

let rec iter (f: elt — unit) (1: list)
with { enumerated (visited, t)

completed (visited, t) = ... }
= match 1 with
| Nil - O

| Cons x 1 — f x; iter f 1
end



verifying HO iterator - translation

val visited: ref (seq elt)

let iter_correct (10: list)
requires { !visited == empty }
requires { enumerated (empty, 10) }
ensures { enumerated (!visited, 10) 1}
ensures { completed (!visited, 10) }

= let f x = visited := snoc !visited x in
let rec iterO (1: list) : unit =

match 1 with

| Nil — 0O
| Cons x 1 — f x; iter0 1
end in

iterO 10



demo iter




using HO iterator - specification

let uniq (1: list)

ensures { distinct result }

ensures { forall x. mem x result <> mem x 1 }
= let h = H.create () in

let r = ref Nil in

iter (fun x —

if not (H.mem x h) then
begin H.add x h; r := Cons x !r end)
1;



using HO iterator - specification

let uniq (1: list)
ensures { distinct result }
ensures { forall x. mem x result <> mem x 1 }
= let h = H.create () in
let r = ref Nil in
iter (fun x —
(* user
loop
invariant *)
if not (H.mem x h) then
begin H.add x h; r := Cons x !r end)
1;



using HO iterator - specification

let uniq (1: list)
ensures { distinct result }
ensures { forall x. mem x result <> mem x 1 }
= let h = H.create () in
let r = ref Nil in
iter (fun (ghost v) x —
(* user
loop
invariant *)
if not (H.mem x h) then
begin H.add x h; r := Cons x !r end)
1;



using HO iterator - specification

let uniq (1: list)
ensures { distinct result }
ensures { forall x. mem x result <> mem x 1 }
= let h = H.create () in
let r = ref Nil in
iter (fun (ghost v) x —
invariant { distinct !'r }
invariant { forall x. mem x v <> mem X !r }
invariant { forall x. H.contains h x ¢ mem x !r }
if not (H.mem x h) then
begin H.add x h; r := Cons x !r end)
1;



using HO iterator - translation

replace iter with a cursor:

let unig_correct (1: list elt) : list elt
ensures { distinct result }
ensures { forall x. mem x result <> mem x 1 }
= let h = H.create () in
let r = ref Nil in
let _c = create_cursor 1 in



using HO iterator - translation

replace iter with a cursor:

let unig_correct (1: list elt) : list elt
ensures { distinct result }
ensures { forall x. mem x result <> mem x 1 }
= let h = H.create () in
let r = ref Nil in
let _c = create_cursor 1 in
while has_next _c do
invariant { enumerated _c }
invariant { let v = _c.visited in
...user loop tnvariant... }
let x = next _c in
if not (H.mem x h) then
begin H.add x h; r := Cons x !r end
done;
'r



demo uniq




summary

a modular way to specify iteration

verification of programs realizing / using iterators with Why3

Why3 source code available at

http://www.lri.fr/~mpereira/iteration/


http://www.lri.fr/~mpereira/iteration/

in the future

soundness proof of higher-order iterators proof method

application to other higher-order iterators

fold: (elt — ’a — ’a) — collection — ’a — ’a

verify realistic code making heavy use of higher-order iterators
(e.g. OCamlGraph's code)
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